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In the inves t iga t ion  of the c reep  buckl ing of columns a cer ta in  charac te r i s t ic  of the d e f l e c t i o n - t i m e  curve is usual -  
ly. adopted as the cr i te r ion  of "loss of s tabi l i ty" .  Examples inc lude  the point  where de f l ec t ion  becomes  inf in i te  in 

f ini te  t i m e  [1], the m i n i m u m  point [2], the point of in f lec t ion  [3, 4], and the point where rate of de f l ec t ion  becomes  

inf ini te  [5, ~]. 

In this paper I shall  study the qua l i t a t ive  nature of the buckl ing process as a funct ion of the load l eveI  with re fe r -  

euce  to an e las toplas t ic  strut (Shanley mode l ,  Fig.  1), 

1. Consider an e las toplas t ic  ma te r i a l  with l inear  properties (Fig.  9). We shall  r e la te  aI1 the l inear  quant i t ies  to 

1/2b;  the subscripts 1 and 2 apply to the first and second struts, r e spec t ive ly ;  a dot above a symbol  indica tes  d i f fe ren-  

t i a t ion  with respect  to t i m e  t; compress ive  stresses, loads, and strains are considered to be posi t ive;  E is Young's  modu-  

his; E t is the shear modulus and is assumed to be constant;  a = P/F ,  where F is the  to ta l  c ross-sec t iona l  area of the 

struts; a l l  the  stresses are re la ted  to the Euler stress o E = Eh/4L, 

For the sake of s impl i c i ty ,  we shall  assume a power law of c reep  with an odd exponent .  Then the rates of defor-  

mat ion  ~1 and se Of the struts are described by the re la t ions :  

+k~  ~ +  ( i = L 2 ) ,  ~ . (1 .1)  

In (1 .1 )  

l O (iz' i l < z.)  
k i =  i ( q q ' > O ,  i q l > z , )  

[ 0 (o.iq'<O, I z ~ ! > o , )  

where o ,  is the y ie ld  point.  

We have  the equ i l i b r ium equat ions and the equat ions of c o m p a t i b i l i t y  of de fo rma t ion  rates for the Shanley  m o d e l  

[7]: 
G1 q- z2 = 2a, ol - -  o~ = 2ow, s]" - -  s2" = 7w" (w (t) ~ uo @ u (t)) (i. 9.) 

Whence  

zl == a (t -@ w), z z = z ( l - - w ) ~  (Io3) 

Equations (1 .1 )  and ( l .  3) and the third equa t ion  of system (1 .9 )  y ie ld  

. t ~ { ( i  + w) '~ - -  (:l - -  w) '~} = (1.4) 

= w { t - - z [ t  + ~ ( k ~ +  k2)]}, 

w = w o  for 0 , - 0  , 

where  

~- -2 l~  2 q  ' ~  ' ~ ' =  " 

Here o t is the  stress with respect  to the  shear modulus ,  In the case of m o n o t o n i c a l l y  increas ing  loads the expression 

in the  curly brackets  on the  right side of the equa t ion  is a decreas ing  funct ion ,  which for e las top las t ic  s t ra inshas  the 

for m :  

I l - - ~  ] . ~ . - 0 ~  ( k i w i  k ~ =  0 ) ,  , ( 1 . 5 )  
i -- z i -i- 2~t 

o r  

I i--~ 1 
1 - - o  i +  o ~ -  7 -  > o  ( k i = ~ . ~ = i ) .  (1. s) 
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Expression ( 1 . 5 )  b e c o m e s  zero  w h e n o =  o1< and (1.(~)  w h e n o - - o  t . We asstlme thai the i n i t i a l  error is pos i t ive ,  in 

which  case ,  obviously ,  sgn w : sgn w 0. We assttNic lh;i.t rite quas is ta t ic  fo rmula t ion  is correct  if the solut ion of ( 1 . 4 )  is 

of the  type  w > 0 .  co :> W ~-0 .  

2. Ins t an taneous  load ing  is unders tood to m e a n  loading  ar  a rare d s t . 'h  tlmr tim c r e e p  has no t i m e  to take  ef fec t  b e -  

fore the  load reaches  its m a x i m u m ;  d y n a m i c  effecrs ,  however ,  may  bc i~nored [,q]. We have  the equa t ion  o f e l a s t o -  

p las t ic  l ong i tud ina l  bend ing  

~',v {t -I a (/q i- t>-)} i ~'~ (tq - -  k~) -= w" {1 - -  a [1 4 -  ~ (k~ -k k~)]}" 

w = u ' o  w l l e n a =  0 . ( Z 1 )  

In quas is ta t ic  e l a s top las t i c  processes t i m e  is un impor t an t  s i n c e t h e  d i f f e r en t i a l  dr can be e l i m i n a t e d  from the  e q u a -  

t ion .  It is easy to show tha t ,  g iven  ce r ra in  assumpt ions  conce rn ing  the  i n i t i a l  d e f l e c t i o n  and tile type of load ing ,  Eq. 

( 2 . 1 )  wil l  y ie ld  al l  the  known results [9-11]  in very c o m p a c t  form.  

fOI I ,, 

'ZG 

Let us now consider  tile successive stages of loadiug .  

1 ) I f o  t < o . ,  t h e n k i =  k 2 = 0 .  W e h a v e  

Fig. 1, 

2) If  o t > 

[ fence 

o'w = u, '( t  - -  o), w = u'0 when u = 0' . (2 .2 )  

This so lu t ion  holds for o 1 

for which o 1 -  o,, : 

tDO 
W ~ 

o : .  Let us now find the  va lue  o (1) and the  cor responding  d e f l e c t i o n  

o' ', - -  7~(1  + 6 .  + wo - -  P ( l  + o .  + w0) z - -  4c~,) ,  w~'~ = w o  I (1 - -  0 ( %  

o ,  , t hen  k I 1, but [u~[ < o., and k 2 = O .  We have  

u ' w { i + a } q - o ' a =  w ' { t - - a ( t - l - a ) } ,  u : =  w( l )  w h e n o = c s  ~l) , 

w h e n c e  

W = r 1 6 2  - l -  w{1) [ t  - - f i  (1) ( I  -1~ C~)i 

i i z ( l - ~  (~) ' '1. "-- Z (1 -b- a )  

i t  can  be shown tha t ,  for s m a l l  i n i t i a l  de f l ec t ions  w0 v 0 .1 ,  tile stress o (  2 ) a t  which 

~.~ = ~ ( l  - -  ~v) = - a ,  

sat isf ies  the  i nequa l i t i e s  

~t ~ a ('~) ~ % ( %  - -  

The  results  of some c o m p u t a t i o n s  are l i s ted  in the  T a b l e .  

u, a, c~(2) w(2) w~ 2) w~ ~ 
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s t an t aneous ly  loaded  to  the  l eve l  o -: o0; we shal l  d e t e r m i n e  

s trut  with a f o r c e o 0 =  o t ; t hen  s ince  Io z] < o . ( t h i s  may  

(~_.3)  

(% 4) 

The  inequa l i t i e s  ( 2 . 4 )  are i m p o r t a n t  for the  subsequent  a n a l y -  

sis. Fur ther ,  when o > o ( ~ )  tile quas is ta t ie  so lu t ion  canno t  be 

cons t ruc ted  s ince  k 1 :- k 2 = 1, and the re fo re  we would h a v e  

o'u,{1 --}- 2a} - -  w'{t  - -  (~(1 q- 2a)} , 

w = w ( 2 )  when o -  o ( ~ ) ,  

and,  s ince  o > o t , the  s q u a r e - b r a c k e t e d  express ion on the  r ight  

is n e g a t i v e ,  and the  so lu t ion  would g ive  a n e g a t i v e  v e l o c i t y .  Paper 

[10] shows tha t  in this  case e q u i l i b r i u m  is d i s tu rbed .  

3. Let us now inves t iga t e  lhe fo l lowing p r o b l e m :  a strut is i n -  

the  e f fec t  of tile va lue  o 0 on c r e e p  bucl<ling. We load the  

b e s e e n  from ( 2 . 4 ) ) ,  k z = 0. F r o m ( 1 . 4 )  w e h a v e  

_ ~ n  
t E  , _ n , , ,  q _ w ) , ~ _ _  (1 

W ~--- Wl (2) [ ~ . = a l  

This  e q u a t i o n  r e m a i n s  va l id  up to a d e f l e c t i o n  wl*, at w h i c h  

a2 = ~ t  ( t  - -  

- w) '~} = w" { l  - :o ( i  + ~ ) )  . 

for t = 0 .  

1/21 $ ) ~ ~ O ' e  , 

( ~ .  1 )  
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The t i m e  needed  to arr ive at  this d e f l e c t i o n  is 

lo1" 

h * = [ l - - ~  t ( t + a t ) ]  y ,'~ d~  
(~ + ~ ) ' ~ - -  (l  - - w )  '~ 

w~(2) 

For w > Wl* we have  k ~ =  1, [o-_[ 2>a,, a 2 " = - - a , w ' < O ,  and,  s i n c e ~ 2 ~  > O, k 2 = 1 .  

square  bracke ts  on the  r ight  vanishes  and 

w" ( h ' )  = 

Consequen t ly ,  when t = t t * (w = wl* ) we have  loss of s t ab i l i t y  in the  btoff sense (Fig.  3, ai .  

o0 = o t + 6O, where 6o is a pos i t ive  or a n e g a t i v e  quan t i ty .  

a) 6o < O. We have  Eq. (3 .1 )  with  the  i n i t i a l  cond i t ion  

The express ion  in 

We now apply  a load 

0 2 

w = w ~  (2) la0<zl when  t = O  �9 

As above ,  this equa t i on  r em a i ns  va l id  up to a c e r t a i n  d e f l e c t i o n  w z* (t  2 .  ), at which the  y ie ld  point  in the  second strut 

= o* is r eached ;  t he r eupon  the  e q u a t i o n  b e c o m e s  

t Gon{(l_l_w)n__(l__w)n}=w.[t__zo(l_{_2~)] 
"r 

w ~ w 2 *  when t = t 2 *  . 

(s. 2) 

Since  the  square  bracke ts  con t a i n  a posi t ive  cons tan t ,  the  quas is ta t ic  f o r m u l a t i o n  r ema ins  cor rec t  for any va lue  of 

the  de f l e c t i on .  

(0} q '  
~r 

I~r ; ~ "~' if]a ")  t /  tO" z t,, 

Fig.  2. Fig.  3. 

We have 

"l.g2 * 

t =  - -~ -~  I 1 - - ~ o ( 1  + a)l du, 
~o '~ (1 + w) '~ - -  (1 - -  w) '~ 

w2(2) 
w 

+ 

The  i n t e g r a l  converges  for w -+ m and n > 1, and the  c r i t i c a l  va lue  is t .  = t ( ~ ) ,  i . e . ,  loss of s t ab i l i ty  takes  the  

form of an i n f i n i t e  d e f l e c t i o n  (Fig .  3, b). 

b) For 5o > 0 we have  Eq. (3, 1), where  o 0 > o t. In  this  case  the  i n i t i a l  c o n d i t i o n  is an  i n s t an t aneous  d e f l e c t i o n  

wa (z) co r respond ing  to o 0. [-'or w = wa* we h a v e  o 2 = - % .  This  d e f l e c t i o n  is r eached  dur ing  t i m e  

-i/~a * 

= "r ( ~. ~"[i - ~o (l + ~)1 I dw t3* ~ kE / (l + w ) " - -  (t - -  w) ~ 
w~(2) 

S ince  for w > Wa* we h a v e  Ic~zl > o . ,  k z = 1, and the  b u c k l i n g  would be desc r ibed  by  Eq, ( 3 . 2 ) ,  t he  b racke t s  on 

the  r ight  of this  e q u a t i o n  t h e n  c o n t a i n i n g  a n e g a t i v e  cons tan t  

i - - ( ~ 0 ( i q - 2 a )  < 0  . 

This  shows t ha t  for t > ta* the  quas i s ta t i c  f o r m u l a t i o n  ceases  to be  co r rec t .  It should be stressed tha t  

0 <  w'(ta*--0) < eo when t =  ta*. 

Thus,  the  curve  w ,-, t for o 0 = o t is uns tab le  in  t he  sense  t ha t  any  c h a n g e  in the  i n s t an t aneous ly  app l i ed  load  causes  
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a substantial change in the type of buckling. 

The author is very grateful to Yu. P. Rabotnov, Yu. V. Nemirovskii ,  and L. M. Kurshin for useful discussion of 
his work. 
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